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ABSTRACT
The model for pulsar wind nebulae (PWNe) as the result of the magnetohydrodynamic (MHD)
downstream flow from a shocked, relativistic pulsar wind has been successful in reproducing many
features of the nebulae observed close to the central pulsars. However, observations of well-studied
young nebulae like the Crab Nebula, 3C 58, and G21.5–0.9 do not show the toroidal magnetic field on a
larger scale that might be expected in the MHD flow model; in addition, the radial variation of spectral
index due to synchrotron losses is smoother than expected in the MHD flow model. We find that
pure diffusion models can reproduce the basic data on nebular size and spectral index variation for the
Crab, 3C 58, and G21.5–0.9. Most of our models use an energy independent diffusion coefficient; power
law variations of the coefficient with energy are degenerate with variation in the input particle energy
distribution index in the steady state, transmitting boundary case. Energy dependent diffusion is a
possible reason for the smaller diffusion coefficient inferred for the Crab. Monte Carlo simulations of
the particle transport allowing for advection and diffusion of particles suggest that diffusion dominates
over much of the total nebular volume of the Crab. Advection dominates close to the pulsar and is
likely to play a role in the X-ray half-light radius. The source of diffusion and mixing of particles is
uncertain, but may be related to the Rayleigh-Taylor instability at the outer boundary of a young
PWN or to instabilities in the toroidal magnetic field structure.
Subject headings: ISM: individual (Crab Nebula) —ISM: supernova remnants— pulsars: general —
stars: winds, outflows
1. INTRODUCTION
The finding of the diminishing size of the Crab syn-
chrotron nebula with increasing frequency supports the
picture that energetic electrons are injected in the vicin-
ity of the pulsar and lose energy to synchrotron radiation
in the larger nebula (Wilson 1972; Rees & Gunn 1974).
The radial emission profiles were first modeled as a cen-
tral particle source with diffusion into the larger nebula
(Gratton 1972; Wilson 1972). Rees & Gunn (1974) spec-
ified a termination shock in the pulsar wind as the source
of the particle acceleration and viewed the outer part of
the nebula as a place where the pulsar magnetic field
winds up and the flow decelerates. This view was put on
a firmer basis by Kennel & Coroniti (1984a,b, hereafter
KC), who calculated the conditions at the relativistic
MHD shock and followed the time independent down-
stream flow of fields and particles. This 1-dimensional
model with advected particles was able to reproduce the
observed sizes of the optical and X-ray emission in the
Crab Nebula, but did not address the radio emission.
High resolution imaging of the Crab with the Hubble
Telescope at optical wavelengths and Chandra at X-ray
wavelengths shows an active system of toroidal filaments
and jets close to the pulsar in line with the expected
position of the termination shock (Hester 2008). These
observations have motivated 2-dimensional MHD sim-
ulations, which allow for a polar angle dependence of
the pulsar wind power (Komissarov & Lyubarsky 2003;
Del Zanna et al. 2004). In these models, the wind is
stronger in the equatorial plane, producing the toroidal
filaments. Hoop stresses in the shocked flow bring ma-
terial back to the axis to form the jets. Current models
for the filaments are able to reproduce many aspects of
the filaments (see Bucciantini 2011, for a review), in-
cluding the integrated spectrum of the Crab from ra-
dio to TeV (Volpi et al. 2008) and the time variability of
the inner structure (Volpi et al. 2008; Camus et al. 2009;
Komissarov & Lyutikov 2011). The jet-torus structure
near the pulsar has been commonly observed in X-ray im-
ages of pulsar nebulae (Kargaltsev & Pavlov 2008), and
the structure is presumed to be a standard feature of pul-
sar nebulae. Although models for the toroidal filaments
are now convincing, the nature of the flow beyond the
filaments to the edge of the nebula remains uncertain.
The primary way of exploring the particle transport is
to model the structure of the nebulae at different pho-
ton energies or, equivalently, the structure and photon
index distribution. The crucial point is that the par-
ticles lose energy to synchrotron radiation as they age
so that the photon index distribution provides a good
test of the particle transport mechanism. Provided the
magnetic field is not strongly varying, the spectral in-
dex in a particular location gives information on the
mean age of the particles. Observations of the Crab
Nebula at optical (Veron-Cetty & Woltjer 1993) and in-
frared (Temim et al. 2006) wavelengths show a mono-
tonic change in spectral index from the center to the
edge of the nebula, where edge is defined by the decrease
in surface brightness at that particular wavelength. The
well-known bays in the Crab are asymmetric structures,
but the spectral index at the bay edge is similar to that
at other edges. The data do not indicate a highly asym-
metric flow in the nebula. Thus, we assume spherical
symmetry in our models.
In Section 2 of this paper, we discuss issues with exist-
ing models for the larger scale flow and, in Section 3, con-
2sider a diffusion/advection model for the particle propa-
gation. The model is applied to the phase when the pul-
sar wind nebula (hereafter PWN) is expanding into the
freely expanding supernova gas, before a reverse shock
front moves in due to interaction with the surroundings.
We concentrate on comparing our models to the Crab
Nebula, 3C 58 and G21.5–0.9 because they are the best
observed PWNe within that phase. In Section 4, we dis-
cuss the diffusion process.
2. OUTER STRUCTURE OF YOUNG PULSAR NEBULAE
Current data on the Crab Nebula convincingly show
that there is a relativistic flow in the interior that must
slow to match the outer boundary (Hester 2008). The
issue treated in this paper is how the particles are trans-
ported between the inner, toroidal region and the outer
boundary of the PWN. In the KC model, the parti-
cles are advected with a toroidal magnetic field. Cross
field scattering of particles is expected to be small (e.g.,
de Jager & Djannati-Ata¨ı 2009), so that diffusion of par-
ticles can be neglected. Problems with this model in
reproducing the spectral index distributions in young
PWNe have been raised (Reynolds 2003; Slane et al.
2004). This issue is discussed in detail in the next sec-
tion. Here we note some other points relevant to the
toroidal field model for the outer structure.
In the Crab Nebula, the X-ray emission is from a re-
gion close to the pulsar because of synchrotron burn-
off. If one goes to optical wavelengths, where the par-
ticles have longer lifetimes, an analysis of the polariza-
tion shows that there are 3− 6 magnetic elements across
the nebula with possible smaller scale structure (Felten
1974). Schmidt et al. (1979) find that magnetic struc-
ture in the Crab only extends down to about 20 arcsec,
or 0.2 pc. Seward et al. (2006) presented deep Chandra
images of the Crab, finding evidence for fingers with a
roughly radial orientation; the spectral index structure
implied rapid diffusion along the structures, presumably
oriented along the magnetic field and slow diffusion per-
pendicular to the fingers. The X-ray emitting particles
in 3C 58 have longer lifetimes and imaging X-ray studies
with Chandra show many magnetic loops without a clear
toroidal structure, except close to the pulsar (Slane et al.
2004); the X-ray filaments are related to ones observed at
radio wavelengths and with some optical filaments (ther-
mal gas). Overall, there is little evidence for toroidal
structure in pulsar nebulae except near the central pul-
sars. Two PWNe that do show evidence for toroidal
field structure are the small nebula around the Vela pul-
sar (Dodson et al. 2003) and G106.6+2.9 (Kothes et al.
2006); however, these objects are probably in a different
evolutionary stage than the Crab, without an unstable
outer boundary (Chevalier & Reynolds 2011).
The Crab Nebula, with radio spectral index β =
0.299±0.009 (Baars et al. 1977) where flux ∝ ν−β , shows
little radio spectral index variation over the entire neb-
ula, to within 0.01 (Bietenholz et al. 1997), although
PWNe themselves show a range of spectral indices, e.g.,
3C 58 has β = 0.07±0.05 (Bietenholz et al. 2001). There
is no indication that the spectral index observed in the
Crab is a universal value, so the uniformity of spectral
index is surprising. G21.5–0.9 also has a fairly uniform
radio spectral index image (Bietenholz & Bartel 2008),
as well as 3C 58 (Bietenholz et al. 2001).
These observational considerations support the view
that, although there is clearly toroidal structure where
the pulsar wind impacts the larger nebula, the flow is
more radial in the outer nebula and there is evidence
for a mixing process. There are several possible rea-
sons for the apparent mixing of energetic particles. The
acceleration of the supernova ejecta by the pulsar bub-
ble is Rayleigh-Taylor unstable (Chevalier 1977; Jun
1998; Hester et al. 1996). The structure observed in
the thermal gas filaments in the Crab Nebula and other
PWNe is likely due to this instability (Hester 2008), al-
though there are still uncertainties about how the insta-
bility operates when the low density fluid is magnetized
(Bucciantini et al. 2004; Stone & Gardiner 2007). As
discussed by Hester et al. (1995), there is evidence in the
Crab for magnetic field lines being ‘draped’ around ther-
mal filaments and stretched in the radial direction. The
Crab filaments cover the velocity range 700−1500 km s−1
(Hester 2008).
Another possibility is the action of instabilities oc-
curring at or near the pulsar wind termination shock
(Begelman 1998; Camus et al. 2009; Mizuno et al. 2011).
Instabilities right at the shock front may not be compat-
ible with the apparent regular structure observed in the
case of the newly formed nebula around the Vela pulsar
(Dodson et al. 2003; Chevalier & Reynolds 2011). There
may be feedback between instabilities near the termina-
tion shock and the outer boundary. In their axisymmet-
ric numerical simulations, Camus et al. (2009) find that
waves and vortices in the larger nebula feed back on the
structure at the termination shock, which in turn gener-
ates more structure in the nebula. Camus et al. (2009)
note that it is impossible to distinguish between the cause
and the effect. In addition, some thermal gas from the
supernova is entrained in the unstable region, explaining
the optical filaments seen in association with nonthermal
filaments in the Crab and 3C 58.
These observational and theoretical considerations
show that, although the region close to the pulsar has
a clear toroidal structure, the larger nebula has a com-
plex structure that includes a radial component to the
magnetic field. As summarized by Hester (2008), there
are layers of magnetic fields folded on top of each other
such that adjoining field lines in one place move away
from each other. Although diffusion across magnetic field
lines is expected to be small, even a small amount of cross
field transport could result in thorough mixing, with this
magnetic field configuration. We thus consider models
with radial diffusion.
One uncertainty for the models is the degree to which
particles are transmitted through the outer boundary
of the PWN. The expectation is that the PWN mag-
netic field is contained within the wind bubble, which is
bounded by supernova ejecta in young PWNe; the outer
boundary of the Crab Nebula shows loop structures at
radio wavelengths that are likely to delineate the mag-
netic field (Hester 2008). The characteristic mean free
path for particles to cross the magnetic field is limited to
the particle gyroradius (Bohm limit)
λ = 10−4
(
Ee
100 TeV
)(
B
100 µG
)−1
pc, (1)
where the particle energy, Ee, corresponds to an
3energy of synchrotron radiation through Ee =
(20 TeV)(B/100 µG)−1/2E1/2keV and B is the magnetic
field. The escape time for Bohm diffusion from a region
of size R is then (de Jager & Djannati-Ata¨ı 2009)
tesc ≈ 16, 000
(
R
2 pc
)2(
Ee
100 TeV
)−1
×
(
B
100 µG
)
yr, (2)
which is long compared to the ages of the PWNe consid-
ered here (∼ 103 yr), particularly for particles radiating
below X-ray wavelengths. However, there is some chance
for escape from a narrow region close to the edge of the
nebula.
An observational test for the transmission of particles
would be synchrotron emission from energetic particles
that have left the main PWN. There has been little evi-
dence for such emission, but Bamba et al. (2010) have re-
cently found X-ray emission around a number of PWNe,
which they interpret as synchrotron emission from es-
caped particles. To have X-ray emitting particles extend
to such large radial distances requires a surprisingly low
magnetic field strength in order to avoid synchrotron
losses. One of the PWNe discussed by Bamba et al.
(2010) is G21.5–0.9, which is also one of the primary
remnants treated here. However, there are other in-
terpretations for the extended emission. Bocchino et al.
(2005) attributed the emission to a combination of a dust
scattering halo plus emission from a surrounding shell;
Matheson & Safi-Harb (2010) have shown clear evidence
for shell emission.
Escape of electrons and positrons from PWNe has also
come up in the context of a possible source for fea-
tures in the Galactic cosmic ray spectrum of electrons
and positrons (e.g., Chang et al. 2008). However, the
escape can be from elderly PWNe (> 105 yr old), and
does not require escape from young objects like those
discussed here (e.g., Malyshev et al. 2009). Hinton et al.
(2011) suggested the escape of particles from the Vela
X PWN to explain the steeper particle spectrum in the
outer parts of the nebula; however, this is an older nebula
that has likely been affected by the reverse shock wave
(Blondin et al. 2001). Overall, particle escape in PWNe
with ages ∼ 103 yr does not appear likely. In Section 3.2,
we model the effect of the outer boundary condition for
the PWN.
In the early diffusion models for the Crab Nebula
(Gratton 1972; Wilson 1972; Weinberg & Silk 1976), the
diffusion coefficient was assumed to be constant with en-
ergy, and that is the assumption that we make in most
of our modeling. Weinberg & Silk (1976) argued for a
constant coefficient based on the fact that the diffusion
length is likely to be related to the size of magnetic fil-
aments and is much larger than the gyroradius. How-
ever, there are reasons to consider energy dependent dif-
fusion of the form DE(E) = D0E
α, where α is a con-
stant. On the observational side, cosmic rays are known
to diffuse from the Galaxy in an energy dependent way
(e.g., Strong et al. 2007, and references therein). The
data indicate α = 0.3 − 0.6, with a diffusion coefficient
of (3 − 5) × 1028 cm2 s−1 at a reference particle energy
of 1 GeV (Strong et al. 2007). Interstellar turbulence is
thought to play a role in the energy dependent diffusion.
Also, there is the possibility that the diffusion coefficient
is proportional to the particle gyroradius, as in Bohm dif-
fusion, leading to α = 1. This “Bohm-type” value of α is
used by Van Etten & Romani (2011) and Hinton et al.
(2011) in their modeling of evolved PWNe. However,
the diffusion length is much larger than the particle gy-
roradius, so there is not a clear argument for α = 1 in
the PWN case. We consider the possible effect of energy
dependent diffusion in Section 3.1.
3. MODELS WITH DIFFUSION
3.1. Pure diffusion model
Wilson (1972) first showed that the spatial and spec-
tral distribution of the Crab Nebula in the optical could
be explained by a diffusion model with synchrotron ra-
diation losses. Observations of 3C 58 (Bocchino et al.
2001; Slane et al. 2004) and G21.5-0.9 (Slane et al. 2000;
Safi-Harb et al. 2001) taken by Chandra also gave a pho-
ton index distribution that is similar to the optical spec-
tral index distribution in the Crab and is incompatible
with the KC model (Reynolds 2003; Slane et al. 2004).
Although observations of the Crab clearly show evidence
for a relativistic wind close to the pulsar, a pure diffu-
sion model illustrates one limiting case of the expected
particle transport. We used the pure diffusion model
developed by Gratton (1972) to fit the spectral index
distribution of Crab from radio to optical, and 3C 58
and G21.5-0.9 in X-rays. We also used the model to
calculate the half light radius of the Crab from radio to
X-rays. This is the same model used by Wilson (1972) in
his model for the Crab. The model assumes that a point
source injects particles into an infinite space with spher-
ical symmetry, and the injected particles follow a power
law distribution N(E, r = 0) = KE−p. The transport
mechanism for the injected particles is diffusion. In or-
der to satisfy the spherical symmetry assumption, the
objects we discuss in this paper are young PWNe that
are observed to have approximate spherical symmetry.
In our initial model we have a pre-defined PWN radius
R; when we calculate the half light radius and integrated
spectrum, we only consider the particles that are within
the nebular radius R, reasoning that the magnetic field
in the freely expanding ejecta outside R is small. The
outer nebular boundary is a transmitting boundary. The
model also assumes that the diffusion coefficient D and
magnetic field B inside R are constant with radius. Here
we neglect the adiabatic expansion energy losses and as-
sume synchrotron radiation loss is the only energy loss, so
that dE/dt = −QE2, where Q = 2.37× 10−3B2⊥ erg s−1
in cgs units and B2⊥ = (2/3)B
2 (Pacholczyk 1970). We
examine the assumptions of point source injection, pure
diffusion, and a transmitting boundary in Section 3.2.
In this section we use this simple pure diffusion model
to analyze the spectral index distribution and half light
radius of PWNe.
Based on these assumptions, the number density dis-
tribution N(E, r, t) is (Gratton 1972)
N(E, r, t) =
K
4πrD
E−pfp(u, v), (3)
where
u =
r2QE
4D
4and
fp(u, v) =
1√
π
∫ ∞
v
(
1− u
x
)p−2 e−x√
x
dx.
The lower limit v of the integral fp(u, v) is
v =
{
r2
4Dt if t <
1
QE
r2QE
4D if t >
1
QE
if there is no upper limit for the injection particle energy.
Here t is the age of the nebula.
In order to simplify the calculation of the emission,
we further assume that all the radiated power P of an
electron of energy E goes into radiation of a frequency
ν corresponding to the maximum synchrotron radiation
power. Therefore
P (ν) = C(B⊥ν)1/2N [E(ν)], (4)
where C is a constant, and
E(ν) =
(
4πm3ec
5
0.29× 3e
)1/2 ( ν
B sin θ
)1/2
, (5)
where me and e are the mass and charge of an elec-
tron, and θ is the particle pitch angle. Here we as-
sume B sin θ = B⊥ = (2/3)1/2B, yielding E(ν) =
7.42 × 10−10(ν/B⊥)1/2 erg. The spectral index distri-
bution S(r) between frequency ν1 and ν2 is given by
S(r) =
log[Pν1(r)/Pν2(r)]
log(ν1/ν2)
=
log(ν1/ν2)
1/2 + log[Ntot(ν1, r)/Ntot(ν2, r)]
log(ν1/ν2)
, (6)
where Ntot(ν, r) is the total number of particles emit-
ted per unit area per unit time, per unit frequency with
frequency ν and at radius r from a central point source
after integration along the line of sight. Gratton (1972)
assumed a point source which makes r = 0 a singularity
in Ntot(ν, r). We performed integrations along the line
of sight starting at a cutoff radius, but this did not affect
the larger scale results.
There is a critical energy for synchrotron cooling,
Ecrit = 1/Qt, which is relevant for the number density
distribution N(E, r, t). If E > Ecrit, N(E, r, t) reaches a
steady state solution N(E, r). If E < Ecrit, only parti-
cles with Einitial < E/(1−QEt) contribute to the spec-
trum at the frequency ν and N(E, r, t) evolves with time.
The corresponding peak synchrotron radiation frequency
of particle with Ecrit is
νcrit = 6× 1014
(
103 yr
t
)2(
100 µG
B
)3
Hz. (7)
If the injected particles have an upper limit of energy E∗,
the lower limit v of the integral fp(u, v) changes to
v =


r2
4Dt if t <
1
Q
(
1
E − 1E∗
)
r2Q
4D( 1E− 1E∗ )
if t > 1Q
(
1
E − 1E∗
)
and the critical energy becomes E∗/(1 + QtE∗). When
the energy range of interest satisfies E ≪ E∗, the E∗
term in v is not important and can be neglected, which
means we can assume the injection particle energy has
no upper limit. A plausible estimate for E∗ is that the
gyroradius of the particle equals to the termination shock
radius, Rs, or Rs = Rgyro = E/eB for a relativistic elec-
tron. We then have E∗ = RseB and the corresponding
peak synchrotron emission frequency is
ν∗ = 3.3× 1022
(
Rs
0.1pc
)2 (
B
100µG
)3
Hz.
For the objects considered in this paper, electron energy
injection with no upper limit is always a good assumption
for frequencies below soft X-rays.
The spectral index distribution of the system at a cer-
tain frequency band mainly depends on the ratio η be-
tween diffusion distance d = (6Dt)1/2 and the nebular
size R. At a certain frequency, the same η = d/R =
(6Dt/R2)1/2 gives roughly the same spectral index dis-
tribution. The p index of the injected particles would also
affect the spectral index profile to some extent. Since we
have good observational data for the spectral index of
the PWNe considered here, its value can be directly de-
termined from the observations. If the frequency band
is in the steady state regime, then t = 1/QE, and we
find η ∝ (D/ν1/2B3/2R2)1/2. Since the nebular size
is usually known, the spectral index distribution is de-
termined by η ∝ (D/B3/2)1/2 in a particular frequency
band. The diffusion coefficient D and magnetic field B
are coupled together in the spectral index fitting; in or-
der to get an accurate diffusion coefficient D, we need to
know the magnetic field B of the system. One way to
estimate B is based on the synchrotron break frequency
in the integrated spectrum (equation [7]). However, the
break is not a sharp feature and it is difficult to locate
the synchrotron break frequency of the Crab and 3C 58
based on current observational data (Slane et al. 2008;
Arendt et al. 2011). Another way is to model the high
energy inverse Compton emission. The magnetic field ob-
tained by using inverse Compton fitting is slightly differ-
ent from the magnetic field defined in our pure diffusion
model, because in our model we solve for the constant B
situation which means the magnetic field B is an average
B of the PWN over its lifetime. Our average magnetic
field should be slightly larger than the magnetic field in-
dicated by inverse Compton modeling. The minimum
energy method for synchrotron emission also gives an es-
timate for B, but it depends on an uncertain assumption.
If the frequency band is in the non-steady state regime,
η = d/R = (6Dt/R2)1/2, where t is now the age of the
nebula. The diffusion coefficient D and magnetic field
B are now decoupled and η ∝ (D)1/2. However, in this
regime the particles do not suffer synchrotron losses, so
their spectrum is not changed from the injection spec-
trum and they do not give useful information about the
diffusion coefficient.
Next we consider how the spectral index profile varies
as a function of the ratio η. As we are mainly interested
in the steady state case, we now consider the critical fre-
quency νR corresponding to the case η ≈ (4Dt)1/2/R =
(4D/QER2)1/2 = 1. It is the same as νB defined in
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Figure 1. Flux spectral index (β) distribution of a PWN with
p = 2.5, nebular radius R = 1 pc, B = 100 µG, and D = 1027 cm2
s−1 in a pure diffusion model.
Gratton (1972):
νR = 1× 1017
(
D
1027 cm2 s−1
)2
×
(
1 pc
R
)4(
100 µG
B
)3
Hz. (8)
We assume a PWN in steady state with p = 2.5, and scale
to a nebular size R = 1 pc, magnetic field B = 100 µG
and diffusion coefficient D = 1027 cm2 s−1. We calculate
the spectral index distribution for the three cases: ν ≪
νR, ν ≈ νR, and ν ≫ νR (Figure 1). When ν ≪ νR,
which corresponds to η ≫ 1, the photon index profile
is flat. At high frequency the photon index profile first
changes into a power law when ν ≈ νR, η ≈ 1, and then
into an exponential when ν ≫ νR, η ≪ 1. When the
diffusion distance d ≫ R, the diffusing particles within
the nebula are well mixed so the spectral index profile
tends to be flat. When the diffusion distance d < R, the
particle density drops quickly along the radial direction
because of the short cooling time, so the spectral index
shows steepening in the radial direction.
A calculation of the spectral index distribution in the
KC model shows that it has a problem in explaining
the observed spectral index profile (see also Reynolds
2003). We take the Crab as an example and use the
KC model to calculate the spectral index distribution of
the Crab at optical wavelengths, where the KC model
is still applicable. We use the best fit parameters given
by Kennel & Coroniti (1984b) to do the calculation and
assume that there is no synchrotron emission within the
termination shock. In order to give a good comparison,
we use the same emissivity as used in Kennel & Coroniti
(1984b), which is slighty different from our value. We add
a pre-defined radius R which is 20 times of the termina-
tion shock radius in the simulation; there is no emission
beyond this point. The results are shown in Figure 2.
The spectral index profile in Figure 2 does not fit the
optical data shown in Veron-Cetty & Woltjer (1993). In
the observations, the spectral index profile is approxi-
mately a power law distribution, while the results given
by the KC model are flat within a certain radius and then
increase very quickly beyond that radius. The power law
like spectral index distributions are also seen at X-ray
wavelengths in 3C 58 (Slane et al. 2004) and G21.5–0.9
 0
 0.5
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 1.5
 0  5  10  15  20
radius(arcsec)
surface brightness at 9241Å
surface brightness at 5364Å
optical spectral index
Figure 2. Flux spectral index (β) distribution of the Crab at opti-
cal wavelengths, based on the model of Kennel & Coroniti (1984b).
The surface brightness is normalized to the value at the center of
Crab.
(Slane et al. 2000; Safi-Harb et al. 2001) which indicates
that diffusion processes could be generally important in
young PWNe (Reynolds 2003). Del Zanna et al. (2006)
show that a 2D MHD simulation could reproduce most
of the toroidal and jet like structure near the termina-
tion shock, but the spectral index properties of the Crab
Nebula suggest diffusion processes on larger scales.
The nebular size of a PWN is also determined by νR
or η. When ν < νR, η > 1 in the steady state case, the
nebular size remains the same due to the boundary con-
dition. When ν > νR, η < 1, the size tends to shrink as
the cooling time of particles is smaller than the diffusion
time. In the ν > νR, η < 1 regime, the nebular size
for the pure diffusion model can be estimated by setting
η = 1, which yields R ≈ (6D/QE)1/2.
We first use parameters known from observations such
as age t, nebular size R and magnetic field B to fit the
spectral index distribution of the Crab, 3C 58 and G21.5–
0.9. Fitting a model yields the diffusion coefficientD and
p of the PWNe. We then discuss the nebular size behav-
ior. For the Crab we use a magnetic field B = 300 µG.
This is slightly larger than the value, ∼ 200 µG, found by
de Jager et al. (1996) and Aharonian et al. (2004) from
inverse Compton emission, which gives the current value
of the field. Our value gives a sufficiently high diffu-
sion coefficient D to explain the size of the Crab. Radio
data for the Crab show p = 1.52 . The spectral index
distribution from radio (5 GHz) to optical 6 × 1014 Hz
frequencies is shown in Figure 3. By comparing our re-
sults with the major axis data in Wilson (1972) we find
that D = 2.5× 1026 cm2 s−1 gives a good fit to the data.
Since we do not know exactly the optical frequency used
in Wilson (1972), we did not do a least squares fit. We
then used the diffusion coefficient D = 2.5×1026 cm2 s−1
to calculate the spectral index distribution for infrared
(3.6− 4.5 µm) and optical (5364− 9241 A˚) wavelengths,
which are shown in Figures 4. In the infrared (IR), fit-
ting the spectral index variation from 0.3 to 0.8 within
the Crab nebula found by Temim et al. (2006) requires
the nebular radius to be ∼ 130′′. Our simulation indi-
cates that in the IR the nebular size of the Crab has
decreased due to synchrotron losses, which is consistent
with Figure 3 of Temim et al. (2006). The spectral index
variation from 0.6 to 1.1 within the Crab Nebula at op-
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Figure 3. Flux spectral index (β) distribution of the Crab from
5 GHz to 6 × 1014 Hz, assuming p = 1.52 and B = 300 µG in a
pure diffusion model.
 0
 0.5
 1
 1.5
 2
 0  50  100  150  200
sp
ec
tra
l in
de
x
radius(arcsec)
3.6µm to 4.5 µm
5364Å to 9241Å
Figure 4. Flux spectral index (β) distribution of the Crab at IR
and optical wavelengths, assuming p = 1.52, B = 300 µG, and
D = 2.5× 1026 cm2 s−1 in a pure diffusion model,
tical wavelengths (Veron-Cetty & Woltjer 1993) implies
the nebular size of the Crab is ∼ 100′′, which is consis-
tent with the results in Figure 2 of Amato et al. (2000).
Comparing our simulation results in Figures 3 and 4 with
the data in Wilson (1972) and Veron-Cetty & Woltjer
(1993) shows that our spectral index in the central re-
gion is lower than the observed value if the optical band
is involved. We attribute the discrepancy to an intrin-
sic break in the injected particle spectrum, which is dis-
cussed below. The main uncertainty in the model comes
from the magnetic field B, although other factors, such as
non-spherical symmetry and boundary conditions, also
have some effect.
We used the same formalism to fit the X-ray photon in-
dex profiles of 3C 58 and G21.5–0.9. According to equa-
tion (7), the X-ray emitting particles of both 3C 58 and
G21.5–0.9 have reached a steady state if they are young
PWNe, so their age information is not required for pho-
ton index fitting and we can use the steady state solution
to calculate the photon index distribution. The parame-
ters we used for 3C 58 and G21.5–0.9 are listed in Table
1. For 3C 58, the magnetic field B = 80 µG is based on
the minimum energy condition (Green & Scheuer 1992).
For G21.5–0.9, the magnetic field B = 180 µG is based
on the equipartition condition (Safi-Harb et al. 2001).
We used a least squares method to fit the photon in-
dex data of both 3C 58 (Slane et al. 2004) and G21.5–0.9
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Figure 5. Flux spectral index (β) distribution of 3C 58 from 2.2
keV to 8 keV, assuming p = 2.93, B = 80 µG and D = 6.11× 1027
cm2 s−1 in a pure diffusion model.
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Figure 6. Flux spectral index (β) distribution of G21.5-0.9 from
0.5 keV to 10 keV assuming p = 2.08, B = 180 µG and D =
3.66× 1027 cm2 s−1 in a pure diffusion model.
(Slane et al. 2000). The 2 parameters in each fit are the
injected particle spectral index p and diffusion coefficient
D. The best fit for 3C 58 between 2.2 keV and 8 keV
with χ2red = 0.83 gives p = 2.93 and D = 6.1× 1027 cm2
s−1 (Figure 5). For G21.5–0.9, the best fit between 0.5
keV and 10 keV with χ2red = 3.28 gives p = 2.08 and
D = 3.7× 1027 cm2 s−1 (Figure 6). The diffusion coeffi-
cients D we obtained for 3C 58 and G21.5–0.9 are higher
than for the Crab. Part of the reason may be uncertain-
ties in the magnetic field B of 3C 58 and G21.5–0.9. As
discussed above, the diffusion coefficient D and magnetic
field B follow D ∝ B3/2. If the magnetic field B is lower
than our estimate, the diffusion coefficient D also drops;
this would imply a high particle energy in the nebulae
because we used the minimum energy value of B. We
found that the value of p is insensitive to B and D.
By using equation (8), we obtain νR = 2× 1013 Hz for
the Crab if D = 2.5 × 1026 cm2 s−1 and B = 300 µG;
νR = 1.3 × 1018 Hz for 3C 58 if D = 6.1 × 1027 cm2
s−1 and B = 80 µG; νR = 2.6 × 1017 Hz for G21.5–0.9
if D = 3.7 × 1027 cm2 s−1 and B = 180 µG. For the
Crab, X-ray, optical and near-IR frequencies are all in
the ν > νR regime, so the nebular size decreases from
radio to X-ray. For 3C 58 and G21.5–0.9, all frequen-
cies below soft X-rays are in the ν < νR regime, so the
radio, optical and soft X-ray nebular sizes of 3C 58 and
G21.5–0.9 tend to be similar. The different behavior of
7Table 1
Parameters used for modeling photon index profile
Object Frequency band Magnetic field B Distance Angular size Age
(µG) (kpc) of PWN (arcsec) (yr)
Crab 5× 109 − 6× 1014 Hz 300 2.0 190 957
Crab 3.6− 4.5 µm 300 2.0 190 957
Crab 5364 − 9241 A˚ 300 2.0 190 957
3C 58 2.2− 8 keV 80 3.2 100
G21.5-0.9 0.5− 10 keV 180 5.0 40
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Figure 7. Crab Nebula half-light radius based on a pure diffusion
model with B = 300 µG.
nebular size as a function of frequency among the Crab,
3C 58 and G21.5–0.9 is due to the fact that the Crab has
a larger magnetic field but lower diffusion coefficient. We
use our pure diffusion model to calculate the half light
radius of the Crab Nebula with p = 1.52, B = 300 µG
and D = 2.5 × 1026 cm2 s−1 (Figure 7), assuming that
there is an upper limit to the injected particle energy E
which corresponds to a frequency of 5×1022 Hz. There is
a bump in the half light radius plot, mainly because for
the Crab p = 1.52, which is < 2 (Pacholczyk 1970), and
we are assuming synchrotron radiation only emits at the
peak frequency. If we consider the full synchrotron spec-
trum, the bump is diminished. Comparing our results
to Figure 2 in Amato et al. (2000) shows that our model
prediction gives half light radii near the lower limit of ra-
dio and optical data for the Crab. At X-ray wavelengths,
our theoretical half light radius is much smaller than the
observed value. There are several reasons for this. First,
the spherical symmetry assumption breaks down at X-
ray wavelengths for the Crab. The Chandra image of the
Crab shows clear toroidal structure near the termination
shock (Hester 2008). Second, in our model we assume a
point source while it is in fact an extended source. The
termination shock has an angular size ∼ 10′′ (0.1 pc) at
the Crab Nebula. At radio and optical wavelengths, the
nebular size is much larger than the size of the injection
region so the point source assumption is adequate, but at
X-ray wavelengths it is no longer true. The last reason is
that our pure diffusion model does not include the effect
of advection. It is likely that both advection and diffu-
sion play a role in PWNe. Assuming Vadv ∝ r−2 near the
pulsar wind termination shock (KC), tadv/tdiff ∝ R, so
advection becomes more important in the inner regions.
We expect advection to play some role in X-ray emission
from the Crab, and we discuss it in Section 3.2.
In considering the integrated number density N(E, t),
we note the result for synchrotron losses only (Pacholczyk
1970)
N(E, t) =
K
(p− 1)QE
−(p+1)[1− (1−QEt)p−1], if QEt ≤ 1
K
(p− 1)QE
−(p+1), if QEt > 1.
(9)
Our pure diffusion model deviates from this result be-
cause we have a pre-defined PWN radius R and assume
a transparent outer boundary at R; particles that diffuse
out of R are not taken into account in the integrated
number density N(E, t). The results shown in equation
(9) would apply to a pure diffusion model with a constant
magnetic field B and a reflecting outer boundary which
counts all the injection particles. As discussed in Section
2, the issue of transmission through the outer boundary
of a PWN is uncertain from the observational point of
view. We discuss the spectral index distribution and half
light radius of a model with a reflecting outer boundary
in Section 3.2.
The Crab, 3C 58 and G21.5–0.9 show flat radio spec-
tra and cannot be fitted by a single power law injec-
tion spectrum at radio through X-ray wavelengths even
taking into account the evolution of the PWN (e.g.,
Reynolds & Chevalier 1984). Bucciantini et al. (2011)
considered a 1 zone model with a broken power law in-
jection spectrum and long term evolution of the PWN,
showing that it can explain the integrated spectra of the
Crab and 3C 58 from radio to X-rays. The intrinsic spec-
tral breaks for all PWNe considered are at a similar en-
ergy. Sironi & Spitkovsky (2011) did both 2D and 3D
particle in cell simulation for the termination shock and
show that it could create both a flat power law (p ∼ 1.5)
and steep power law (p ∼ 2.5) components in the post-
shock spectrum. The spectral break of PWNe between
radio and optical wavelengths may be a natural conse-
quence of particle acceleration at the termination shock.
In fitting the optical spectral index distribution for the
Crab, we already mentioned that there are indications of
another power law component in the Crab. Here we use a
double power law injection spectrum in our pure diffusion
model and re-calculate the spectral index distribution
and half light radius of the Crab. The evolution of the
PWN is still ignored here because of the additional com-
plications. For 3C 58 and G21.5–0.9, the X-ray spectral
index data are well above the spectral break frequency
and our modeling is not affected by the double power law
feature. We continue using a magnetic field B = 300 µG
and p1 = 1.5 for the low energy component of Crab par-
ticle distribution. We use p2 = 2.35 and a break energy
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Figure 8. Flux spectral index (β) distribution of the Crab for
different wavelength bands assuming p1 = 1.52, p2 = 2.35, B = 300
µG, and D = 6.0× 1026 cm2 s−1 in a pure diffusion model.
4× 1011 eV for the other power law component as found
by Bucciantini et al. (2011) and find that D = 6.0×1026
cm2 s−1 gives a good fit to the major axis data in Wilson
(1972), as shown in Figure 8. Then we use the same dif-
fusion coefficient D to calculate the spectral index distri-
bution at IR and optical wavelengths (Figure 8). After
adding another power law component, we obtain a bet-
ter fit to the central spectral index data in Wilson (1972)
and Veron-Cetty & Woltjer (1993). The nebular radius
we need to explain the spectral index variation at IR
(Temim et al. 2006) and optical (Veron-Cetty & Woltjer
1993) wavelengths becomes smaller: ∼ 110′′ in IR and
∼ 70′′ in optical wavelengths. Our simulation gives a
spectral index of 0.7 at the center of the Crab at optical
wavelengths, which is slightly larger than the observed
value. This is due to the fact that we use p2 = 2.35
(Bucciantini et al. 2011) for the steep power law. How-
ever, the best fit parameter Bucciantini et al. (2011) ob-
tained in their 1D evolution model may not be the best
fit parameter for our case as we are considering a steady-
state situation. If we change the break energy for the
two power laws, we could obtain a better fit to the opti-
cal nebular radius, but the improvement is not significant
in view of the other uncertainties in the model. The half
light radius of the Crab with double power law injection
spectrum is shown in Figure 7. The double power law
fit gives a larger nebular size in the radio band which is
in the non-steady state regime, mainly because we use a
larger diffusion coefficient D in the double power law fit.
So far, the results are under the assumption that all
the emission of an electron goes into radiation at a fre-
quency ν corresponding to the maximum synchrotron ra-
diation power. We will continue to make this assumption
in the next section because it speeds the calculations, but
here we carry out the calculation with a full synchrotron
spectrum to show the uncertainty caused by our approx-
imation. We considered the Crab, 3C 58 and G21.5–
0.9, and our numerical results with the full synchrotron
spectrum (Figure 9) show that the diffusion coefficient D
required to fit the observations drops by a factor about
2. Here, we integrate the synchrotron radiation function
F (x = ν/νc) (Pacholczyk 1970) from 0.005 to 500 and
assume that for 3C 58 and G21.5–0.9 all the particles
within that energy range are in a steady state. Because
F (x = ν/νc) drops very quickly beyond the peak and
we are calculating the spectral index distribution of 3C
58 and G21.5–0.9 in X-rays, time dependent effects are
expected to be small.
In the pure diffusion model we have assumed that the
diffusion coefficient is constant. However, it is possi-
ble that the diffusion coefficient in the PWN has energy
dependence DE(E), as discussed in Section 2, and we
now investigate how the energy dependence of the dif-
fusion coefficient would affect our pure diffusion model
with transmitting boundary. We use the Green’s func-
tion method to solve the steady state equation of the
pure diffusion model but now with an energy dependent
diffusion coefficient DE(E) = D0E
α:
D0E
α∇2N +Q∂E
2N
∂E
= −KE−pδ(~r). (10)
The resulting particle distribution function is (see Ap-
pendix)
N(E, r) =
K
4πrD0Eα
E−p
1√
π
×
∫ ∞
u
(
1− u
x
) p+α−2
1−α e−x√
x
dx, (11)
where
u =
r2QE(1− α)
4D0Eα
.
In the solution, u changes to u = r2QE(1 − α)/4D0Eα;
again,
√
u can be considered as a ratio of the diffusion dis-
tance to the nebular radius. In a steady state, t = 1/QE,
and we have
√
u = r(1 − α)1/2/(4D0Eαt)1/2. Setting
u = 1, we find that the nebular size R ∝ E−(1−α)/2 ∝
ν−(1−α)/4. For the spectral index distribution, we note
that α > 0 implies that more energetic particles dif-
fuse out more rapidly than less energetic particles, which
should flatten the spectral index distribution; the same
effect results from reducing the magnitude of the diffu-
sion coefficient when α = 0. Our simulations show that
the case DE = D0E
α corresponds to a constant diffu-
sion coefficient case with D if DE = (1 − α)2D, where
DE is taken at the energy at which the spectral index is
measured. The flux spectral index at the center now is
(pE + α− 1)/2 (equation [11]) because the integral part
in the solution approaches some constant when r → 0.
In order to get the same spectral index at the center as in
constant diffusion coefficient case we need pE = p−α. In
Figure 10, we consider a PWN with pE = p−α = 2.5−α,
nebular size R = 1 pc, magnetic field B = 100 µG, and
diffusion coefficient DE = 10
27(1 − α)2 cm2 s−1 at an
energy corresponding to ν = 1017 Hz, and plot the spec-
tral index profile for different α values. It is clear that
they all have a similar slope, implying that for a cer-
tain band, if a pure diffusion model with constant D can
fit the data, a pure diffusion model with energy depen-
dent DE can also fit the data but with different p and
diffusion coefficient at that band. Although energy de-
pendence of the diffusion coefficient does not change the
consequences of spectral index fitting with constant D at
one wavelength band, it changes the fitting result when
multiband data are considered because now the nebular
size R ∝ ν−(1−α)/4 instead of R ∝ ν−1/4. We previously
found with the constant diffusion coefficient assumption,
9(a) (b)
 0.3
 0.4
 0.5
 0.6
 0  50  100  150  200
sp
ec
tra
l in
de
x
radius(arcsec)
 emission at peak frequency D=6.0×1026 cm2/s
full synchrotron spectrum  D=6.0×1026 cm2/s
full synchrotron spectrum  D=2.4×1026 cm2/s
 0.5
 1
 1.5
 2
 0  50  100
sp
ec
tra
l in
de
x
radius(arcsec)
 emission at peak frequency D=6.1×1027 cm2/s
full synchrotron spectrum  D=6.1×1027 cm2/s
full synchrotron spectrum  D=2.9×1027 cm2/s
observation data
(c)
 0
 0.5
 1
 1.5
 2
 0  10  20  30  40
sp
ec
tra
l in
de
x
radius(arcsec)
 emission at peak frequency D=3.7×1027 cm2/s
full synchrotron spectrum  D=3.7×1027 cm2/s
full synchrotron spectrum  D=2.0×1027 cm2/s
observation data
Figure 9. (a) Flux spectral index (β) distribution of Crab from 5 GHz to 6 × 1014 Hz assuming p1 = 1.52, p2 = 2.35 and B = 300 µG,
(b) Flux spectral index (β) distribution of 3C 58 from 2.2 keV to 8 keV assuming p = 2.93 and B = 80 µG, (c) Flux spectral index (β)
distribution of G21.5–0.9 from 0.5 keV to 10 keV assuming p = 2.08 and B = 180 µG.
there was a problem in explaining the nebular size of the
Crab beyond optical frequencies. If we take the energy
dependence of DE into account, we can fit the data on
nebular size and overall appearance of the spectral in-
dex profile in the IR and optical better. However it is
difficult to determine whether energy dependence is re-
quired by the data. Since other factors like advection
affect the nebular size and spectral index profile of the
Crab in a similar way, and the observational data for
the Crab Nebula do not have high precision, the energy
dependence of the diffusion coefficient is not determined
by our models. However, the decreasing size at higher
photon energies implies that α < 1; as discussed in Sec-
tion 2, some treatments of diffusion in old PWNe have
assumed α = 1.
3.2. Diffusion and advection model
We now use Monte Carlo simulations to consider mod-
els with diffusion and advection. Monte Carlo methods
allow the treatment of cases that cannot be treated in
the pure diffusion, analytical model. We expect that
advection plays some role in the spectral index distri-
bution and half light radius, especially in the ν ≫ νR
regime. In the MHD model of KC, there is an advective
flow after the termination shock in which the flow ve-
locity declines from mildly relativistic to the velocity at
the edge of the nebula, ∼ 2000 km s−1. If the magnetic
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Figure 10. Flux spectral index (β) distribution at 1017 Hz for
a PWN with pE = 2.5 − α, nebular size R = 1 pc, magnetic
field B = 100 µG, and diffusion coefficient DE(ν = 10
17 Hz) =
1027(1 − α)2 cm2 s−1, for various values of α. A steady state
model with transmitting boundary is assumed.
field is not dynamically important, the velocity declines
as r−2 in a steady flow. Another consideration is a re-
flecting outer boundary condition. For PWNe satisfying
η = (6Dt/R2)1/2 ≫ 1, the reflecting boundary should
have a significant effect on the spectral index distribu-
tion and half light radius. For the reflecting boundary
effect we primarily focus on 3C 58, which has a high dif-
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fusion coefficient D. The last improvement is treating
an extended source, since the termination shock has a
finite size ∼ 0.1 pc which can play a role in the cen-
tral region. The time dependence of the PWN and non-
spherical symmetry are not taken into account.
Massaro (1985) discussed a diffusion and advection
model, but many assumptions were needed to ob-
tain an analytical model. Weinberg & Silk (1976) and
Reynolds & Jones (1991) investigated approximate solu-
tions for a pure diffusion model with an extended source,
but they omit some of the physical effects that we wish
to include. We therefore developed a code to carry out
Monte Carlo simulations that allowed a general treat-
ment of diffusion and advection processes. We modeled
both the Crab and 3C 58. For 3C 58 we mainly focus
on the variation of spectral index distribution while for
the Crab we are interested in the variation of the half
light radius with photon energy. In simulating 3C 58, a
total number of 106 effective particles were injected into
a spherical shell at time intervals of 5.4×104 s. Since we
are considering the X-ray band of 3C 58, which is in a
steady state, only particles injected within a time 1/QE
of the present are taken into account. In simulating the
Crab, at least 106 effective particles were injected into a
spherical shell at time intervals of a half day. The motion
of the particles is a superposition of advective motion and
3-dimensional random motion. The displacement in each
time interval is
∆~Stot = Vadv∆t ~ro ± (2Dx∆t)1/2 ~xo
±(2Dy∆t)1/2 ~yo ± (2Dz∆t)1/2 ~zo, (12)
where ~xo, ~yo, ~zo and ~ro are unit vectors in x, y, z and ra-
dial directions. We take Vadv ∝ r−2, V (r = Rout) =
630 km s−1(Bietenholz 2006) and the ratio of outer ra-
dius to inner radius to be Rout/Rin = 100/8 = 12.5
for 3C 58 (Slane et al. 2004). In this case, we only con-
sider the synchrotron radiation loss since the adiabatic
expansion energy loss, E˙ ∝ ∇ · Vadv, is zero for our
velocity profile. For the Crab, we use some of the pa-
rameters from the model of Kennel & Coroniti (1984b),
assuming that the velocity at the termination shock is
c/3, the velocity Vadv ∝ r−2 between the termination
shock radius Rs and a critical radius Rc, and Vadv re-
mains constant between the critical radius Rc and the
outer radius of the nebula Rout. We assume Rs = 15
arcsec in angular size (Hester et al. 2002), and in order
to set Vadv(Rout) = 2000 km s
−1 (Kennel & Coroniti
1984a) we further assume Rc = 50
1/2Rs. We consider
adiabatic expansion energy losses in addition to syn-
chrotron radiation losses for Rc < R < Rout; it is
dE/dt = −2Vadv(Rout)E/3r for relativistic particles in
a medium with constant flow velocity. In all the simula-
tions, we use a constant magnetic field B to simplify the
calculation. In spherical symmetry, Dx = Dy = Dz ≡ D.
If particles move into the inner boundary due to their
random motions, they are forced to bounce back into
the PWN region. A reflecting boundary was used at the
outer radius.
The simulation results for 3C 58 are shown in Figure
11. The additional physical processes allow a better fit
to the data. In order to discern what role advection
and a reflecting boundary play in the photon index dis-
tribution, we did one simulation for pure diffusion with
only an inner reflecting boundary and one for pure dif-
fusion with both inner and outer reflecting boundaries
(Figure 11). After comparing the results of the two cases
(Figure 11), we find that the outer reflecting boundary
condition mainly makes the photon index steeper and
the part near the outer boundary relatively flat. The
diffusion coefficient D required to fit the data becomes
higher. Advection is not very important in the fit be-
cause the ratio of diffusion time to advection time ratio
is low. In the Figures 11, we have shown the ratio of
diffusion time to advection time tdiff/tadv, where tdiff
is estimated by (6Dtdiff )
1/2 = Rout − Rin and tadv is
calculated by tadv =
∫ Rout
Rin
dr/Vadv. The angular size of
the flat region in the radial direction can be estimated as
follows. Since tdiff ≪ tadv in our simulation, advection
can be neglected. For particles in a steady state, the dif-
fusion distance is Rdiff = (6Dt)
1/2 = (6D/QE)1/2, so
that θflat ≈ θ × (Rdiff/R − 1), where θ is the angular
size of PWN. Substituting the expression for Rdiff and
recalling that ER satisfies R = (4D/QER)
1/2, we obtain
θflat ≈ θ
([
3ER
2E
]1/2
− 1
)
= θ
(
61/2
2
[νR
ν
]1/4
− 1
)
. (13)
For 3C 58 with D = 8.8× 1027 cm2 s−1, B = 80 µG, and
R = 1.55 pc, equation (13) implies θflat ≈ 30′′ which
is consistent with the results in Figure 11. The results
shown in Figure 11 are calculated for 2.2 − 8 keV pho-
ton energies. When we do the calculation for θflat we
use 8 keV as it gives a lower diffusion distance. We em-
phasize that equation (13) is only correct for a steady
state and requires that 1 ≫
√
6
2 (
νR
ν )
1
4 − 1 > 0. When√
6
2 (
νR
ν )
1
4 − 1 < 0, the cooling time is lower than the dif-
fusion time, and few particles reach the outer boundary.
When
√
6
2 (
νR
ν )
1
4 − 1 > 1, due to the boundary effect, the
diffusion coefficient D is large enough to smear out the
spectral index structure in the nebula, so the spectral
index distribution is flat within that energy band.
We calculate the spectral index distribution of the
Crab at optical wavelengths (Figure 12) and its half light
radius from ultraviolet (UV) to X-ray frequencies (Ta-
ble 2), which are above the break frequency given by
Bucciantini et al. (2011), with p2 = 2.0, B = 300 µG
and D = 9.0 × 1026 cm2 s−1. The spectral index vari-
ation from 0.6 to 1.1 within the Crab Nebula at optical
wavelengths (Veron-Cetty & Woltjer 1993) now implies
the nebular size of Crab is ∼ 140′′, which is slightly larger
than the pure diffusion case as we now use a larger diffu-
sion coefficient D and take advection into account. The
advection process increases the half-light radius of the
Crab significantly at X-ray energies. Based on Table 2,
the ratio (Rdiff−Rs)/(Rdiff+adv−Rs) increases rapidly
from X-ray to UV wavelengths as we assume the ex-
tended source size is ∼ 15′′. The reason advection is im-
portant for the Crab in X-rays is because the X-ray size of
the Crab is small. As noted in Section 3.1, the ratio of ad-
vection time to diffusion time Radv/Rdiff ∝ R, the neb-
ular size; advection becomes more important when the
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Figure 11. (a) Monte Carlo simulation with diffusion and advection for 3C 58 from 2.2 keV to 8 keV assuming p = 2.8, B = 80µG, and
reflecting inner and outer boundaries, (b) Monte Carlo simulation with pure diffusion, a reflecting inner boundary, and a tranmitting outer
boundary, (c) Monte Carlo simulation with pure diffusion and reflecting inner and outer boundaries.
Table 2
Half light radius of the Crab Nebula in arcsec
Frequency 1015 Hz 1016 Hz 1017 Hz 1018 Hz
pure diffusion 72 43 27 19
diffusion and advection 84 55 35 24
nebula is small. The half-light radius derived from the
diffusion and advection model can now explain the high
frequency part of the Crab nebula size data (Amato et al.
2000). However, the half-light radius we obtained still
drops sharply as a function of frequency, which may im-
ply energy dependent diffusion. The values of p2, mag-
netic field B, and diffusion coefficient D we choose are
not best fit parameters. Certain combinations of parame-
ters would improve the fit to the observational data. The
velocity and magnetic field profiles for the diffusion and
advection case must be analyzed for more exact models.
The uncertainty in the termination shock radius and the
flow velocity at the outer radius of the nebula also affect
the simulation results.
As discussed in Section 1, 2-dimensional MHD mod-
els reproduce many features observed in the inner Crab
Nebula. Diffusion is not a factor in this region for 2 rea-
sons: the short advection timescale because of the high
flow velocities and a long timescale for radial diffusion
because of the toroidal magnetic field. In the Crab, the
prominent toroidal structure observed at X-ray and opti-
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Figure 12. Flux spectral index (β) distribution of the Crab at
optical wavelengths assuming p = 2.0, B = 300 µG, and D =
9×1026 cm2 s−1 in a Monte Carlo simulation with reflecting inner
and outer boundaries.
cal wavelengths extends to ∼ 40′′ from the pulsar, while
the nebular radius is 200′′. Our model applies to the
outer 4/5 of the nebula. Toroidal structure is less promi-
nent in 3C 58 and G21.5–0.9.
We also used Monte Carlo simulations to investigate
the case where there is particle transport across the neb-
ular boundary atR and particles are lost from the system
once they cross R. The effect is to flatten the spectral
index profile in the outer part of the nebula and to re-
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duce the value of D by a factor of 2 compared to the
simple model (Section 3.1). However, we consider the
reflecting boundary model to be more plausible, for the
reasons given in Section 2.
4. DISCUSSION AND CONCLUSIONS
We have argued that the structure of young PWNe is
not described by a toroidal magnetic field, as expected
in a model like that of Kennel & Coroniti (1984a), but
has a more chaotic magnetic structure. In Section 2,
we noted various observational studies that showed con-
siderable structure in young nebulae, not a clear toroidal
structure. In Section 3, models with diffusion of particles
were presented and compared to observations of 3 neb-
ulae. Emphasis was placed on fitting the spectral index
profiles of the nebulae, as well as the surface brightness
profiles. Models with diffusion were much better able to
spectral index profiles than pure advection models. The
best estimates of the diffusion coefficient come from the
Monte Carlo simulations, but these values need to be
somewhat reduced because they do not include the full
synchrotron spectrum in the calculation of the emission.
Estimates of the diffusion coefficient and the correspond-
ing particle mean free path are given in Table 3. The
assumed magnetic field is given for each case because
D ∝ B3/2 and the magnetic field strength is uncertain.
Table 3 shows that the diffusion coefficient and length
for the Crab is considerably smaller than that for 3C 58
and G21.5–0.9. The length does not scale with the size
of the PWN because the Crab is larger than both 3C 58
and G21.5–0.9. One possibility is that there is frequency
dependent diffusion coefficient. The coefficient for the
Crab is derived from optical/IR observations, so that the
lower energy particles are being observed compared to
3C 58 and G21.5–0.9 where X-ray observations are used.
Table 3 shows the corresponding particle energies for dif-
fusion coefficients. An energy dependent diffusion with
α ∼ 0.5 − 0.6 would explain the difference between the
Crab and the other remnants. As discussed in Section
3.1, this is consistent with our results and we suggest it
as a possible explanation for the difference between the
PWNe.
Table 3
Diffusion coefficient and length
Object D B λ = D/c Particle energy
(cm2/s) (µG) (1016 cm) (TeV)
Crab 2.4× 1026 300 0.8 0.6
3C 58 2.9× 1027 80 10 40
G21.5-0.9 2.0× 1027 180 7 30
The spectral indices along magnetic filaments in the
Crab shows relatively little variation while the spectral
indices show steepening away from the filament center
(Seward et al. 2006; Hester 2008), which is consistent
with rapid particle motions along filaments and slow dif-
fusion across filaments. However, the diffusion mean free
paths (Table 3) are smaller than characteristic structures
in the nebulae. The length for the Crab is about a factor
10 smaller than the scale indicated by optical polariza-
tion (Section 2), and the length for 3C 58 is about a
factor of 10 smaller than the scale of apparent magnetic
loops seen in the X-ray image (Slane et al. 2004). The
actual longer diffusion time (due to the smaller length)
may indicate that the magnetic structure is not com-
pletely random.
Our models have been designed for comparison with
young PWNe like the Crab, 3C 58, and G21.5–0.9.
They are likely to be in an evolutionary phase where
the nebulae are accelerating into freely expanding su-
pernova ejecta. In a subsequent phase of evolution,
the reverse shock wave from interaction with the in-
terstellar medium comes back toward the center and
can push off the PWN, creating an asymmetric nebula
(Blondin et al. 2001). Van Etten & Romani (2011) have
investigated evolutionary models for the PWN HESS
J1825–137, which probably belongs to the class of post-
reverse shock nebulae and is observed at X-ray and TeV
energies. Of interest is the fact that their modeling
shows the need for diffusion of particles. As mentioned
in Section 2, Hinton et al. (2011) have considered diffu-
sion from the evolved PWN Vela X. A chaotic magnetic
field is expected in these objects because of instabilities
related to the interaction with the reverse shock front
from the supernova remnants (Blondin et al. 2001). The
situation is different for the young remnants discussed
here, but a chaotic field may be the result of instabilities
related to the toroidal magnetic field (Begelman 1998)
and Rayleigh-Taylor instabilities in the outer parts of
the nebulae.
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APPENDIX
In order to solve the equation
D0E
α∇2N +Q∂E
2N
∂E
= −KE−pδ(~r), (14)
we first let Φ = QE2N and 4πJ = QD0E
2−αKE−pδ(~r),
so equation (14) can be simplified to
∇2Φ− Q
D0
(1− α) ∂Φ
∂Eα−1
= −4πJ. (15)
Further, assuming m2 = QD0 (1 − α) and τ = Eα−1, we
have
∇2Φ−m2 ∂Φ
∂τ
= −4πJ. (16)
Here we only consider the case m2 > 0, which requires
α < 1, as it is consistent with the situation in the Crab.
If α > 1, the nebular size of the Crab does not decrease
with increasing frequency. Next we consider the Green’s
function equation corresponding to the above equation:
∇2G−m2 ∂G
∂τ
= −4πδ(τ − τ ′)δ(~r − ~r′). (17)
If we do not consider the boundary effect, the Green’s
function solution for equation (17) is
G(r, τ/r′, τ ′) =
m
2
√
π
1
(τ − τ ′)1.5 e
−m2 |r−r′|2
4(τ−τ′) u(τ − τ ′),
(18)
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where u(τ − τ ′) is the step function. Here, G(r, τ/r′, τ ′)
is already normalized to
m2
4π
∫
Gd~V = 1. (19)
Then
Φ(r, τ) =
∫ τ
0
dτ ′
∫
d ~V ′J(r′, τ ′)G(r, τ/r′, τ ′). (20)
After some calculation, we obtain
Φ(r, E) = K
Q
D0
1
4π1.5r
E−p−α+2
∫ ∞
u
(
1− u
x
) p+α−2
1−α e−x√
x
dx,
(21)
where u = Q(1−α)r
2
4D0
E1−α. Since N(r, E) = Φ/QE2, we
finally obtain
N(r, E) =
K
4πr
E−p
D0Eα
∫ ∞
u
1√
π
(
1− u
x
) p+α−2
1−α e−x√
x
dx.
(22)
REFERENCES
Aharonian, F., et al. 2004, ApJ, 614, 897
Amato, E., Salvati, M., Bandiera, R., Pacini, F., & Woltjer, L.
2000, A&A, 359, 1107
Arendt, R. G., George, J. V., Staguhn, J. G., et al. 2011, ApJ,
734, 54
Baars, J. W. M., Genzel, R., Pauliny-Toth, I. I. K., & Witzel, A.
1977, A&A, 61, 99
Bamba, A., Anada, T., Dotani, T., et al. 2010, ApJ, 719, L116
Begelman, M. C. 1998, ApJ, 493, 291
Bietenholz, M. F. 2006, ApJ, 645, 1180
Bietenholz, M. F., Kassim, N., Frail, D. A., Perley, R. A.,
Erickson, W. C., & Hajian, A. R. 1997, ApJ, 490, 291
Bietenholz, M. F., Kassim, N. E., & Weiler, K. W. 2001, ApJ,
560, 772
Bietenholz, M. F., Hester, J. J., Frail, D. A., & Bartel, N. 2004,
ApJ, 615, 794
Bietenholz, M. F., & Bartel, N. 2008, MNRAS, 386, 1411
Blondin, J. M., Chevalier, R. A., & Frierson, D. M. 2001, ApJ,
563, 806
Bocchino, F., Warwick, R. S., Marty, P., Lumb, D., Becker, W., &
Pigot, C. 2001, A&A, 369, 1078
Bocchino, F., van der Swaluw, E., Chevalier, R., & Bandiera, R.
2005, A&A, 442, 539
Bucciantini, N., Amato, E., Bandiera, R., Blondin, J. M., & Del
Zanna, L. 2004, A&A, 423, 253
Bucciantini, N. 2011, in High-Energy Emission from Pulsars and
their Systems, ed. N. Rea & D. Torres (Berlin: Springer), 473
(arXiv:1005.4781)
Bucciantini, N., Arons, J., & Amato, E. 2011, MNRAS, 410, 381
Camus, N. F., Komissarov, S. S., Bucciantini, N., & Hughes,
P. A. 2009, MNRAS, 400, 1241
Chang, J., Adams, J. H., Ahn, H. S., et al. 2008, Nature, 456, 362
Chevalier, R. A. 1977, in Supernovae, ed. D. N. Schramm
(Dordrecht: Reidel), 53
Chevalier, R. A., & Reynolds, S. P. 2011, ApJ, 740, L26
de Jager, O. C., & Djannati-Ata¨ı, A. 2009, in Neutron Stars and
Pulsars, ed. W. Becker (Berlin: Springer), 451
(arXiv:0803.0116)
de Jager, O. C., Harding, A. K., Michelson, P. F., Nel, H. I.,
Nolan, P. L., Sreekumar, P., & Thompson, D. J. 1996, ApJ,
457, 253
Del Zanna, L., Amato, E., & Bucciantini, N. 2004, A&A, 421,
1063
Del Zanna, L., Volpi, D., Amato, E., & Bucciantini, N. 2006,
A&A, 453, 621
Dodson, R., Lewis, D., McConnell, D., & Deshpande, A. A. 2003,
MNRAS, 343, 116
Felten, J. E. 1974, in IAU Colloq. 23: Planets, Stars, and
Nebulae: Studied with Photopolarimetry, ed. T. Gehrels
(Tucson: U. of Az. Press), 1014
Gratton, L. 1972, Ap&SS, 16, 81
Green, D. A., & Scheuer, P. A. G. 1992, MNRAS, 258, 833
Hester, J. J. 2008, ARA&A, 46, 127
Hester, J. J., Scowen, P. A., Sankrit, R., et al. 1995, ApJ, 448, 240
Hester, J. J., Stone, J. M., Scowen, P. A., et al. 1996, ApJ, 456,
225
Hester, J. J., Mori, K., Burrows, D., et al. 2002, ApJ, 577, L49
Hinton, J., Funk, S., Parsons, R., & Ohm, S. 2011, ApJ, 743, L7
Jun, B.-I. 1998, ApJ, 499, 282
Kargaltsev, O., & Pavlov, G. G. 2008, in 40 Years of Pulsars:
Millisecond Pulsars, Magnetars and More, ed. C.G. Bassa, Z.
Wang, A. Cumming, V.M. Kaspi (Melville, NY: AIP), 171
Kennel, C. F., & Coroniti, F. V. 1984a, ApJ, 283, 694
Kennel, C. F., & Coroniti, F. V. 1984b, ApJ, 283, 710
Komissarov, S. S., & Lyubarsky, Y. E. 2003, MNRAS, 344, L93
Komissarov, S. S., & Lyutikov, M. 2011, MNRAS, 414, 2017
Kothes, R., Reich, W., & Uyanıker, B. 2006, ApJ, 638, 225
Malyshev, D., Cholis, I., & Gelfand, J. 2009, Phys. Rev. D, 80,
063005
Massaro, E. 1985, Ap&SS, 108, 369
Matheson, H., & Safi-Harb, S. 2010, ApJ, 724, 572
Mizuno, Y., Lyubarsky, Y., Nishikawa, K.-I., & Hardee, P. E.
2011, ApJ, 728, 90
Pacholczyk, A. G. 1970, Radio Astrophysics (San Francisco:
Freeman)
Rees, M. J., & Gunn, J. E. 1974, MNRAS, 167, 1
Reynolds, S. P. 2003, preprint submitted to Proceedings of IAU
Colloquium 192, 10 Years of SN1993J (Valencia, Spain, April
2003) (arXiv:astro-ph/0308483)
Reynolds, S. P., & Chevalier, R. A. 1984, ApJ, 278, 630
Reynolds, S. P., & Jones, F. C. 1991, International Cosmic Ray
Conference, 2, 400
Safi-Harb, S., Harrus, I. M., Petre, R., Pavlov, G. G., Koptsevich,
A. B., & Sanwal, D. 2001, ApJ, 561, 308
Schmidt, G. D., Angel, J. R. P., & Beaver, E. A. 1979, ApJ, 227,
106
Seward, F. D., Tucker, W. H., & Fesen, R. A. 2006, ApJ, 652,
1277
Sironi, L., & Spitkovsky, A. 2011, ApJ, 741, 39
Slane, P., Chen, Y., Schulz, N. S., Seward, F. D., Hughes, J. P., &
Gaensler, B. M. 2000, ApJ, 533, L29
Slane, P. O., Helfand, D. J., & Murray, S. S. 2002, ApJ, 571, L45
Slane, P., Helfand, D. J., van der Swaluw, E., & Murray, S. S.
2004, ApJ, 616, 403
Slane, P., Helfand, D. J., Reynolds, S. P., Gaensler, B. M.,
Lemiere, A., & Wang, Z. 2008, ApJ, 676, L33
Stone, J. M., & Gardiner, T. 2007, ApJ, 671, 1726
Strong, A. W., Moskalenko, I. V., & Ptuskin, V. S. 2007, Annual
Review of Nuclear and Particle Science, 57, 285
Temim, T., Gehrz, R. D., Woodward, C. E., et al. 2006, AJ, 132,
1610
Van Etten, A., & Romani, R. W. 2011, ApJ, 742, 62
Veron-Cetty, M. P., & Woltjer, L. 1993, A&A, 270, 370
Volpi, D., Del Zanna, L., Amato, E., & Bucciantini, N. 2008,
A&A, 485, 337
Weinberg, S. L., & Silk, J. 1976, ApJ, 205, 563
Wilson, A. S. 1972, MNRAS, 160, 355
Weisskopf, M. C., Hester, J. J., Tennant, A. F., et al. 2000, ApJ,
536, L81
